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1. SUMMARY

The Bayesian Information Criterion (Schwarz, 1978) is often used for
variable selection, in that the preferred model in a model space is found by
minimizing the BIC over the models in that space. Similar to the Akaike
Information Criterion (AIC), the BIC penalizes complexity. The BIC has
been criticized as being too liberal in that it selects unnecessary covariates
when the covariate space is large. In their 2008 paper, ” Extended Bayesian
Information criterion for model selection with large model space”, Chen and
Chen introduce an extended family of Bayes Information Criteria that re-
sults in a more tightly controlled false-discovery rate than the ordinary BIC.
The consistency of this extended BIC is established, allowing the number
of covariates to approach infinity with the sample size, and in doing so, it
is revealed that the ordinary BIC is likely inconsistent when the number of
covariates p, > \/n, where n is the sample size.

In this article we attempt to prove that there is a positive probability of
inconsistency when the number of covariates p > /n for the ordinary BIC.
We identify a counter-example where the true model, sg, is empty. In this
case a one-covariate model will be selected over the true model when any
one of the one-covariate loglikelihoods exceeds the likelihood of the empty

model by 0.5log(n). The goal is to show that the maximum inflation in the
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log likelihood is of order 0.5log(n) when we set P = /n, meaning that a
non-empty model will be selected with positive probability when P > /n.
In this counterexample we only get as far as proving a positive proba-
bility for inconsistency of the ordinary BIC at P > \/m . We take a
guess that our distance from the true result comes from considering only
one-covariate models as an alternative to the empty model, rather than all

models in the space.

2. BAYESIAN INFORMATION CRITERION

Let {(yi,z;) : i = 1,...,n} be independent observations. The conditional
density of y; given x; is f(yi|z;,0) where # € © C RF, with P being a
positive integer. The likelihood function of 6 is given by

n

Ln(0) = f(x;0) = [ f wilz:, 0)

i=1
Where Y = (y1,...,yn). Let s be a subset of {1, ..., P}. We denote by 6(s)
the parameters 6 such that those components outside s are set to zero or
some known values. The BIC selects the model that minimizes the following
quantity:
BIC(s) = —2logLn{0(s)} + v(s)log(n)

where 0(s) is the maximum likelihood estimator of 6(s) and v(s) is the
number of components in s. The first term is a likelihood, while the second
term is a penalty on the complexity of the model. Minimizing the BIC is a
compromise between maximizing the likelihood and minimizing the number

of covariates.

3. Proor

We begun by constructing a likelihood ratio test statistic. Under our

null hypothesis, we have that the true model, sg, is the empty one. Our
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alternative hypothesis involves a particular one covariate model being the
true model. We guess that it would be more informative to have a more
composite alternative hypothesis. We are not considering all P-covariate
models where P € {2, ..., P} .

Our likelihood for our empty model is L,,{¢} and the likelihood under the

one covariate model is L, {s1}. We write the BIC under each hypothesis as:

BIC(¢) = —2logLn{¢}

BIC(s1) = —2logLy{s1} + log(n)

Therefore we choose a particular one covariate model s; over ¢ when

logLn{s1} — logLa{6} > Llog(n)

We now construct our counterexample, with our null hypothesis being
the empty model, and our alternative being a particular one covariate model
such that,

Ho: Yi=p0o+¢&

Hy: Yy =261+ Bo+ ¢

Where Y; ~ i.i.d N(0,1) and ¢; ~ N(0,1). Under these two hypotheses,

our log likelihoods are the following:

n

logL{6} = =3 S (¥ — fo)?

i=1

n

logLy{s1} = —% Z(YZ — Bo - Ble,i)z
=1

where

=
o

I
]
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and so

logLu{6} = —5(n )82
In addition,

b=V - X, § = =X = X)(¥)

And therefore we can write:

Ly - a0 ¢ T X0

1 " (X — X)), - ?: X, — X)(Y)) - 9
=33 ()/"2)_2%3(1(&_ %()2> ® - Xt (sz(l(xi— )g{<)2> - Xl’i)> ]
__1 1o (X — X)(Y5))?
=TS Xy

1 <1 (X - X)(¥)? >
2 " Z?=1(Xi - X)2 Z?:l(Y;)Q

1
=—5n- 1)Sq (1 - piy)

The number of one-covariate models under our alternative hypothesis is
P. Therefore, the likelihood that at least one of the P one-covariate model
likelihoods exceeds the likelihood of our true empty model sy by 0.5log(n)
is equal to the probability that the maximum of P one-covariate likelihoods
will exceed the likelihood of the empty model by 0.5log(n). We write this

probability in the form below:

P{mascs,p (<5n= 082 (1= ) ) = (=50 - 182) > 0stogn) |

_p {m(mlrup <_;(n ~1)82(1- p§<y)> > 0.5log(n) — (;(n - 1)&3)}
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1 1
=1-P {mawg_l,“_p (—2(71 —1)S2 (1 - p_QXY)> < 0.5log(n) — (2(n — 1)5721)}
Given that our observations are independent, we can write our probability

as the following:

—1-P {—;(n ~ 1Sy (1= piy) < 05log(n) - (é(" " 1)S’QL> }P

P
=1-P {—;(n —1)S2 (1 - pky) + (;(n + 1)5,%) < 0.5log(n)}
=1-P{(n—1)52p%y <logn)}"

=1—-P {(n — 1)Sip§(y < lOg(n)}P

_ip { (Cy(Xi = X)(¥)* _ log(n) }P

> (Xi — X)? n—1
_ s200 _ log(n) r
—1—P{51 Sx<n_1}
P
=1—P{‘6~15$ < log(n)}
n—1

At this point, for the purpose of this counter example, we regard S, as a
constant and set S, = 1. Furthermore, since we will eventually be inves-
tigating the asymptotic result, we replace n — 1 with n. Disclaimer: I am
not so sure about how these steps can be justified concretely. We therefore

have,

1= P {va|f| < Viegm)}
— 1 P{—\/log) < Vs < Vlogim)}
:1—<P{\/ﬁﬁl< log(n)}—P{\/ﬁ51<_ log(”)})P

We use the following result for the finite sample distribution of B, using

the fact that the true value of 81 = 0, and that 02 = 1 for this example:

V(B —0) ~ N(0,1)



6 GAL AV-GAY - 48300057

and so

1— @Mm) — @(—M))P
— 1 (a(/logw)) — 1+ (y/Iog(m)) "

P
:1f@y mmmyﬂ)
Now, we approximate using the tail bounds of the normal distribution, for
example
o(x
- g(a) = 22

x
I am not so sure about the assumptions and conditions for this approx-
imation, but in any case we set x = y/log(n), so that we can write our

probability as the following:
P P
1—(%& MMM)—Q :1—<%¢(hwm»—1y+g

,
2(v/logn)), 1)

—1- (=201 —a(y/I ) =1 2
=1 (201 - a(y/Iog@m) + 1) = —<‘( Tog(n)

e~ 3log(n) F
_1__<_2(hw00)+1>
P
T R
( nlog(n))

We want to find the asymptotic behaviour of this probability, so we take

P
. 2
1—lim |1 - ———
n—00 < nlog(n)>

Now we use the following property of the exponential function,

e ¥ = lim (1 — E)n

n— 00 n

the limit as n — oo
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we see that setting P = y/nlog(n), we obtain a positive probability
nlog(n)
. 2 )
1— lim |1 - ——— =1—e*“>0
n—00 nlog(n)

Where if we had set P = \/x, this probability would have been zero.

4. CONCLUSION

We have shown that when P > y/nlog(n), a one covariate model will
be chosen over the true, empty model, with positive probability. We guess
that had we formulated a more composite alternative hypothesis, our result

would have been stronger, as was mentioned in the paper.
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